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It is proved that the quantum massive gauge field theory established in the former papers is
renormalizable. This conclusion is achieved with the aid of the Ward-Takahashi identities satisfied by
the generating functionals which were derived in the preceding paper based on the BRST-symmetry
of the theory. By the use of the Ward-Takahashi identity, it is shown that the S-matrix elements
evaluated by the massive gauge field theory is gauge-independent and hence unitary. This fact
allows us to prove the renormalizability of the theroy firstly in the physical Landau gauge and then
extend the proof to the other gauges. As a result of the proof, it is found that the renormalization





As we mentioned in the first paper (which will be referred to as paper I hereafter), in the original attempts
of setting up the massive gauge field theory without the Higgs mechanism1−6, the massive Yang-Mills Lagrangian,
i.e. the Yang-Mills Lagrangian with the mass term added was regarded as to form a complete theoretical basis. In
the theory, there are two problems which were announced to be difficult to solve: one is the gauge-non–invariance of
the mass term in the action, another is the nonrenormalizability of the theory. To evade the gauge-noninvariance of
the mass term, a formalism in which the mass term is given a gauge-invariant form by taking the advantage of the
Stueckelberg field was subsequently proposed and attracted most attentions7−10. However, it was argued that the
theory could not preserve the unitarity and renormalizability at the same time10. In paper I, the first problem has
readily been circumvented from the viewpoint that the massive gauge field only exists in the physical space spanned by
the transverse part of the vector potential. In this space, the gauge boson mass term of the action is gauge-invariant.
If we want to represent the massive gauge field dynamics in the whole space of the vector potential, the massive gauge
field must be viewed as a constrained system. The Lorentz gauge condition, acting as a constraint, should initially
be introduced and imposed on the Lagrangian expressed by the full vector potential. From this point of view, it has
been shown that the massive gauge field theory can well be established on the basis of gauge invariance.
In this paper, we are devoted to proving the renormalizability and unitarity of the quantum massive gauge field
theory described in paper I. From the Feynman rules mentioned in Sect.4 of paper I, we have felt confident of that
the theory is renormalizable because the free massive gauge boson propagator and the ghost particle one have the
same behavior as the massless ones in the ultraviolet limit and except for the propagators, the other Feynman rules
for the vertices are identical to those for the massless gauge field theory. Theoretically, to give a rigorous proof of the
renormalizability, we need to utilize the Ward-Takahashi (W-T) identities satisfied by various generating functionals.
These identities have been derived in the second paper (referred to as paper II later on) based on the BRST-invariance
of the theory. Before proving the renormalizability, we firstly examine whether the S-matrix given by the massive
gauge field theory is unitary? In Sect.2, based on the W-T identity, it will be proved that the S-matrix is independent
of the gauge parameter. That is to say, the gauge-dependent spurious pole appearing in the ghost particle propagator
and the longitudinal part of the gauge boson propagator would not contribute to the S-matrix. This fact just
ensures the unitarity of the S-matrix. The gauge-independence of the S-matrix suggests that it is sufficient to prove
the renormalizability of the theory in one gauge. The Landau gauge is favorable to be chosen in the proof of the
renormalizability because in this gauge, the W-T identities have the same forms as in the massless gauge field theory.
Therefore, we may simply cite the reasoning given in the latter theory6,11,12 to complete the proof as will be described
in Sect.3 and the results obtained can directly compare with the massless theory. Then, we discuss how the proof can
be extend to other gauges. From the proof, it will be seen that the divergences occurring in perturbation calculations
can surely be eliminated by introducing a finite number of counterterms. As a consequence of the proof. it will be
found that the Slavnov-Taylor identity13 for the renormalization constants which was derived in the massless gauge
field theory also holds for the massive gauge field theory. In the last section we will comment on the problem of
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unrenormalizability raised in the previous works and make some conclusions. In Appendix, to verify the correctness
of the W-T identity used in this paper to prove the unitarity of theory, we will present a different derivation of the
identity.
2.UNITARITY
This section is used to prove the unitarity of the S-matrix calculated by the quantum massive gauge field theory.
For this purpose, it is necessary to prove that the S-matrix is independent of the gauge parameter6,11,12. Let us start
from the generating functional given in Eq.(2.7) in paper II. It is well-known that the fermion field could not spoil
the unitarity of the theory because all components of the field are independent and physical. Therefore, to prove
the unitarity, we may, for simplicity of statement, omit the fermion field functions in the generating functional and


























Mab(x, y) = ∂µx [Dabµ (x)δ4(x− y)] (2. 3)
in which
Dabµ (x) = δab(1 +
µ2
2
)∂µ − gfabcAcµ (2. 4)
When we make the following translation transformations in Eq.(2.1)
Ca(x) → Ca(x) −
∫
d4y(M−1)ab(x, y)Kb(y)
C¯a(x) → C¯a(x) −
∫
d4yK¯b(y)(M−1)ba(y, x) (2. 5)
and complete the integration over the ghost field variables, Eq.(2.1) will be expressed as 11,12
Z[J, K¯,K] = e−i
∫
d4xd4yK¯a(x)(M−1)ab(x,y,δ/iδJ)Kb(y)Z[J ] (2. 6)










2 + JaµAaµ]} (2. 7)
in which
∆F [A] = detM [A] (2. 8)
where the matrix M[A] was defined in Eq.(2.3). From Eq.(2.6), we may obtain the ghost particle propagator in
presence of the external source J







]Z[J ] (2. 9)
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)Z[J ] = 0 (2. 10)
where





























]Z[J ] = δabδ4(x− y)Z[J ] (2. 13)
When the source J is turned off, we get
Mac(x)∆cb(x − y) = δabδ4(x− y) (2. 14)
This equation only affirms the fact that the ghost particle propagator is the inverse of the matrix M as was mentioned
in Sect.3 of paper I.
Now we are in a position to describe the proof of the unitarity mentioned in the beginning of this section. To
do this, it is suitable to use the generating functional written in Eq.(2.7) and the W-T identity shown in Eq.(2.12)
because the S-matrix only has gluon external lines, without ghost particle external lines. For simplifying statement
of the proof, in the following, we use the matrix notation12 to represent the integrals. In this notation, Eqs.(2.7) and

















Fa] = 0 (2. 16)




with F corresponding to the gauge α, the subscript a,b or c stands for the color and/or Lorentz indices and the
space-time variable, and the repeated indices imply summation and/or integration.











(F+∆F )2 = e−
i
2
F 2 [1 +
i∆α
2α
F 2] (2. 19)
∆F+∆F [A] = detMF+∆F (2. 20)
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= ∆F [A][1 + ∆αm
2TrM−1F ] (2. 22)
Upon substituting Eqs.(2.19) and (2.22) into Eq.(2.18). we obtain








F 2 + ∆αm2TrM−1F } (2. 23)






































F 2} = 0 (2. 25)








Tr[1− µ2M−1F ] (2. 26)
One may reach the result














F )bcFc (2. 28)
∆S = − i∆α
2α




d4x∆aa(0) = const. (2. 30)
Since the ∆S is a constant (even though it is infinite), it may be taken out from the integral sign and put in the
normalization constant N. Thus, Eq.(2.27) will finally be represented as 11,12







In comparison of Eq.(2.31) with Eq.(2.15), it is clear to see that the difference between the both generating functionals
merely comes from the vector potentials in the external source terms, while, the remaining terms belong to the
dynamical part in the both generating functionals are completely the same. This indicates that any change of the
gauge can only affect the source term in the generating functional.
It is well-known that the Green’s functions computed by the generating functionals ZF [J ] and ZF+∆F [J ] have
different external lines, but the same internal structure. The difference of the external lines can only affects the













R (x) (2. 33)
where AaµR (x) denotes the renormalized vector potential and ZF and ZF+∆F are the renormalization constants given
in the gauges F and F+ 4F respectively. According to the equivalence theorem6,11,12, however, the difference
mentioned above does not influence on the S-matrix, that is to say, the S-matrix elements do not depend on the gauge
parameter because the gauge-dependent renormalization constants for the Green’s functions and wave functions would
be cancelled out in the S-matrix elements. Speaking specifically, in accordance with the renormalization shown in
Eqs.(2.31) and(2.32), in the gauges F and F+4F , the renormalization of gauge boson wave functions, which represent
the states of transverse polarization, can be in momentum space written as








where AR(ki) stands for the renormalized wave function and ki designates the momentum and other quantum numbers,
including implicitly the Lorentz and color indices, for i-th particle. The renormalization of n-point Green’s functions
of gauge bosons in the different gauges can be represented as follows
GF (k1,k2, ..., kn) = Z
n
2
F GR(k1,k2, ..., kn) (2. 36)
GF+4F (k1,k2, ..., kn) = Z
n
2
F+4FGR(k1,k2, ..., kn) (2. 37)
where GR(k1,k2, ..., kn) denotes the renormalized Green’s function. Correspondingly, for the gauge boson propagator,
we may write
DF (ki) = ZFDR(ki) = D
T
F (ki) +RF (ki) (2. 38)
DF+4F (ki) = ZF+4FDR(ki) = D
T










In the above, the DTF (ki) and D
T
F+4F (ki) come from the transverse parts of the propagators DF (ki) and DF+4F (ki)
and have a physical pole at k2i = m
2
R. The RF (ki) and RF+4F (ki) represent the remaining parts of the propagators
DF (ki) and DF+4F (ki) which are regular at the pole. According to the reduction formula for the S-matrix
6,11, a
S-matrix element can be given from the corresponding Green’s function by the procedure that on the place of the
external lines (propagators) of the Green’s function, which are cut off from the Green’s function, we put the external
wave functions with setting all the external momenta on the mass-shell. By this procedure, the gauge boson scattering
matrix elements evaluated in the gauges F and F +4F may be respectively expressed as
5











−1GF (k1, ..., kn) (2. 42)











−1GF+4F (k1, ..., kn) (2. 43)
When substituting Eqs.(2.33), (2.35) and (2.37) into Eq.(2.41) and Eqs.(2.34), (2.36) and (2.38) into Eq.(2.42), it is
easy to see that the gauge-dependent renormalization constants are all cancelled in Eqs.(2.41)and (2.42). As a result,
we have 6.11.12
SF (k1, · · · , kn) = SF+4F (k1, · · · , kn) = SR(k1, ..., kn) (2. 44)
where











−1GR(k1, ..., kn) (2. 45)
is the renormalized S-matrix element which is independent of the gauge parameter. The gauge-independence of the
S-matrix implies nothing but the unitarity of the S-matrix because the gauge-dependent spurious poles which appear
in the longitudinal part of the gluon propagator and the ghost particle propagator and represent the unphysical
excitation of the massive gauge field in the intermediate states are eventually cancelled out in the S-matrix. From the
construction of the theory, the cancellation seems to be natural. In fact, in the original Lagrangian written through
the transverse vector potential as shown in Eq.(2.27) in paper I, except for the residual gauge degrees of freedom,
there are not the unphysical longitudinal degrees of freedom. The occurrence of the longitudinal degrees of freedom
in the theory arises from the formulation of the Lagrangian in terms of the full vector potential. However, all the
unphysical degrees of freedom are restricted by the constraint conditions imposed on the gauge field and the gauge
group. When these constraint conditions are incorporated in the Lagrangian, the theoretical principle we based on
would automatically guarantee the cancellation of the unphysical excitations. The situation as shown in this section is
just as we expect. The conclusion drawn from the above general proof can be easily checked in practical perturbative
calculations, as will be illustrated in the next paper.
3.RENORMALIZABILITY
It was mentioned in the Introduction that the renormalizability of the massive non-Abelian gauge field theory
may be seen from the intuitive observation that the Feynman rules derived from the effective Lagrangian presented
in Eq.(2.1), except for the gluon and ghost particle propagators, are the same as those given in the massless gauge
field theory, and the massive propagators have the same behavior as the massless ones in the large momentum limit.
In particular, the primitively divergent diagrams are completely the same in the both theories. These facts suggest
that the power counting argument of analyzing the renormalizability for the massive gauge field theory is as useful
as for the massless gauge field theory. Theoretically, to accomplish a rigorous proof of the renormalizability of the
massive non-Abelian gauge field theory, it is necessary to implement a subtraction procedure to see whether the
divergences occurring in the Green’s function or the S-matrix can be removed by introduction of a finite number
of counterterms in the action in a perturbation calculation6,11,12. This procedure, as one knows, amounts to the
well-known R-operation invented by Bogoliubov, Parasiuk, Hepp and Zimmermann12,14. In this section, for clearness,
we firstly restrict ourselves to describe the subtraction procedure in the physical transverse gauge, i.e. the Landau
gauge. Actually, it is enough to do so because the gauge-independence of the renormalized S-matrix mentioned in the
preceding section tells us that if we are able to prove the renormalizability of the theory in one gauge, it would not be
problematical in other gauges. Since all of vertices and even Green’s functions may be derived from the proper vertex
generating functional defined in Eq.(2.18) in paper II, we only need to deal with the renormalization of the vertex
generating functional. The principal idea of proving the renormalizability of the theory under consideration is the
usage of the W-T identities formulated in Sect.2 of paper II. In the Landau gauge, as mentioned before, these identities
formally are identical to those for the massless gauge field theory. Therefore, the proof of the renormalizability almost
is a repeat of the reasoning given in the massless theory. It is, of course, adequate to give here a brief description for
the proof.
For simplifying statement, we write, as usual, the W-T identity in the Landau gauge, which was given in Eq.(2.32)
in paper II, in the form
6
Γˆ ∗ Γˆ = 0 (3. 1)
with defining




























In the tree diagram approximation, as one knows, the proper vertex generating functional Γ0 just is the generalized
action as was used in Eq.(2.11) in paper II and, according to the definition given in Eq.(2.28) in paper II, it will be
rewritten as






Γˆ0 = Sˆ0 =
∫










a∂µ(Dabµ Cb) + ζ¯∆ψ + ∆ψ¯ζ + uaµ∆Aaµ
+va∆Ca} (3. 5)
In the above, except for the gluon mass term, we still use Aaµ to represent the gauge field and keep the operator Dabµ
in the ghost field term for later convenience although the gauge field should be transverse and the Dabµ should be
replaced by the ordinary covariant derivative Dabµ in the Landau gauge. Certainly, for this operator and the gauge field
as well as the last term in Eq.(3.4), the limit α → 0 should be understood in the following statements. Particularly,
we emphasize that according to the additional renormalization scheme, all the quantities in Eqs.(3.4) and (3.5) are
considered to be renormalized ones. In perturbative calculations. each loop term in Eq.(3.3) has to be regularized
by an appropriate regularization scheme which preseves the BRST-symmetry in the whole process of regularization.
Suppose the n-th term Γˆn in Eq.(3.3) has been separated into a finite part Γˆ
f









In perturbative calculations, the divergences included in Eq.(3.3) may be eliminated order by order through a recursive
construction of counterterms in the action. For instance, to eliminate the one-loop divergence Γˆd1 which is generated
by using the action shown in Eq.(3.5) in the perturbative calculation, we may choose a counterterm ∆S0 such that
∆Sˆ0 = −Γˆd1 (3. 7)
whose concrete form will be given later. It is apparent that when we use the action
Sˆ1 = Sˆ0 + ∆Sˆ0 (3. 8)
to recalculate the functional Γˆ1 of order h¯, the divergence in it disappears. In general, to remove the divergent part
Γˆdn in the n-loop term Γˆn of order h¯
n, we need to introduce a counterterm like this
∆Sˆn−1 = −Γˆdn (3. 9)
Adding it to the action, we have
Sˆn = Sˆn−1 + ∆Sˆn−1 (3. 10)
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where the Sˆn−1 has included the counterterms up to the order h¯
n−1. The action Sˆn used to calculate the Γˆn will lead
to a finite result in the n-th order perturbation. The counterterms mentioned above may be determined with the help
of the W-T identity. In fact, on substituting Eq.(3.3) into Eq.(3.1), we get
∑
p+q=n
Γˆp ∗ Γˆq = 0 (3. 11)
When Eq.(3.6) is inserted into Eq.(3.11), one may obtain a series of identities satisfied by the finite and divergent
parts of the Γˆn. Each of the identities contains terms which are of the same order of divergence ( reference to Eq.(3.42)
given in the latter part of this section). Furthermore, the action constructed in Eq.(3.10) is also required to fulfill the
W-T identity
Sˆn ∗ Sˆn = 0 (3. 12)
From the above requirements, one may derive the following equations6.12
ρ(Sˆ0)Γˆ
d
n = 0 (3. 13)
and from Eqs.(3.12), (3.10) and (3.9), it is easy to find
ρ(Sˆn−1)Γˆ
d
n = 0 (3. 14)













here ϕi and ui(i = A, ψ¯, ψ, C) stand for the field variables A
a
µ, ψ¯, ψ, C
a and source variables uaµ, ζ, ζ¯ , v
a, respectively,
and the symbol ”.” in each term on the RHS of Eq.(3.15) is an abbreviation notation of the integration as shown in
Eq.(3.2). The definition of ρ(Sˆn−1) is similar to Eq.(3.15) with replacing Sˆ0 by Sˆn−1. On the other hand, substitution







) = 0 (3. 16)
The divergence Γˆdn and thus the counterterm ∆Sˆn−1 may be determined by solving Eq.(3.13) and (3.16) together,
or, instead, by solving Eq.(3.14) and (3.16) provided that the action Sˆn−1 has been given in the former n-1 steps of
recursion. The general solution to the above equations was already found in the literature6,12. It consists of two parts
as shown below
∆Sˆn−1 = −Γˆdn =
∑
a
anaHa + ρ(Sˆn−1)Fn (3. 17)
where the Ha in the first term are functionals of the field variables A
a
µ, ψ¯ and ψ which are invariant with respect to
the gauge transformation. Therefore, they obviously satisfy Eq.(3.13) or (3.14). These functionals, actually, can only
be of the forms as the first four terms in Eq.(3.5). The second term in Eq.(3.17) follows from the nilpotency property
of the operator ρ, ρ2 = 0 (see Ref.(6)), while, the functional Fn is arbitrary. However, the term ∆Sˆn−1 as a part of the
action demands that the Fn must be a functional with minus mass dimension and minus ghost number. Moreover,





= 0 (3. 18)




d4x{bnAAaµ(uaµ − ∂µC¯a) +
∑
i6=A
bni ϕiui} (3. 19)
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It is noted that the coefficients ana in Eq.(3.17) and b
n
i in Eq.(3.19) all depend on the regularization parameter, say,
the ε = 2 − n/2 (which tends to zero, when n → 4) in the dimensional regularization15. The operator ρ(Sˆn−1) in
Eq.(3.17) implies that we have chosen the counterterm ∆Sˆn−1 to be the solution of Eq.(3.14) for convenience of later
recursion.
Up to the present, the counterterm ∆Sˆn−1 appearing in Eq.(3.10) has explicitly been constructed as given in
Eqs.(3.17) and (3.19). The action Sˆn−1 constructed in the foregoing steps of recursion has the same functional
structure as that for the Sˆ0 given in Eq.(3.5). This can be seen from the fact that Eq.(3.14) has the same form as
Eq.(3.13). An interesting thing is that the function of the counterterm in Eq.(3.10) is only to make a change to the





, i = A, ψ¯, ψ, C
δui = −δFn
δϕi
, i = ψ¯, ψ, C
δuaµ − ∂µδC¯a = −
δFn
δAaµ
, i = A (3. 20)
(Note: we assume here that the field variables are commuting and the source variables are anticommuting for conve-
nience of statement). According to the definition given in Eq.(3.15) and noticing the ghost equation obeyed by the







+ δui · δSˆn−1
δui








ϕ′i = ϕi + δϕi = Y
n
i ϕi, i = A, ψ¯, ψ, C
u′i = ui + δui = Y
n−1
i ui, i = A, ψ¯, ψ, C




where the coefficients Y ni are defined as
Y ni = 1 + b
n
i , i = A, ψ¯, ψ, C (3. 23)
In the above, the expression written in Eq.(3.19) has been used to evaluate the differentials. Considering that the
functionals in the first term of Eq.(3.17) are gauge-invariant and of the same functional structure as those terms in
the Sˆn−1 which are the functionals of the fields A
a
µ, ψ¯ and ψ, we are allowed to change the field variables from ϕi to





i] shown in Eq.(3.21) together. The results is just to redefine the variables and physical constants in the
action Sˆn−1. Thus, Eq.(3.10) can be written as




Z˜ni ui] (3. 24)
where Zni and Z˜
n
i are the n-th order multiplicative renormalization constants for the field and source variables
respectively. Eq.(3.24) establishes a recursive relation of the renormalization. When the order n tends to infinity, we
obtain from Eq.(3.24) by recursion the following result6,12















0 = Zmm (3. 26)
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Zni , Z˜i =
∞∏
n=1











Eq.(3.25) shows us that the renormalized action has the same functional structure as the unrenormalized one.
To be more specific, let us firstly describe the one-loop renormalization of the functional Γ1 starting from the action
written in Eqs.(3.4) and (3.5). As pointed out before, in this case, we have to introduce a counterterm as mentioned
in Eqs.(3.7) and (3.8) whose general form was given in Eq.(3.17) with the order label n=1,. In the first term of






ν − ∂νAaµ + gfabcAbµAcν)2 (3. 28)
HF =
∫











The corresponding coefficients in Eq.(3.17) will be written as aG, aF , aM and am. In the following, the order label
will be suppressed and the source terms in Eq.(3.5) and (3.17) will be omitted for simplicity because these terms act
only in the intermediate stages of the proof. As demonstrated in Eq.(3.21), the variables of the action Sˆ0 in Eq.(3.8)
which was explicitly written in Eq.(3.5) will be changed to the ones shown in Eq.(3.22) owing to the effect of the
counterterm given by the second term in Eq.(3.17) where the functional F being represented in Eq.(3.19) and the
variables in the counterterms given by the first term in Eq.(3.17) which are explicitly written in Eqs.(3.28)-(3.31) may
also be made such changes due to the gauge-invariance of the functionals. Thus, the action in Eq.(3.8) without the
source terms may be written as



















− Y −1A YC∂µC¯a[δab∂µ − gYAfabcAcµ]Cb] (3. 32)
where
YF = 1 + aF , YM = 1 + aM , YG = 1 + aG, Ym = 1 + am (3. 33)
When we define renormalization constants as below
Z2 = YFYψ¯Yψ , Z3 = YGY
2
A, Z˜3 = YCY
−1
A
ZF1 = YFYψ¯YψYA, Z1 = YGY
3
A, Z4 = YGY
4
A









and noticing the relation given in Eq.(3.4), We may write the full action as follows
S =
∫






























where the subscript T has been suppressed in the gluon mass term, but, it should be understood that the vector
potential in Eq.(3.35) is restricted in the Landau gauge. It is noted here that the last equality in Eq.(3.34) is
necessarily required so as to be consistent with the renormalization of gluon propagator, as demonstrated in Sect.3
of paper II, there the gluon mass renormalization constant is the inverse of the gluon wave function renormalization
constant. This equality implies YmY
2
A=1 so that the mass term of the transverse field A
aµ
T in Eq.(3.35) keeps unchanged
in the process of subtraction. The action in Eq.(3.35) with the renormalization constants being defined in Eq.(3.34)
just gives the recursive relation shown in Eq.(3.24) with the label n=1. The action in Eq.(3.35) would eliminate the
divergence appearing in the generating functional Γ evaluated in the one-loop approximation.













This precisely is the Slavnov-Taylor identity13 given in the massless QCD and obtained partly in paper II..















a, g0 = Z1Z
−3/2
3 g
M0 = ZMM, m0 = Zmm = m/
√
Z3, α0 = Z3α (3. 37)
and use the identity in Eq.(3.36), we arrive at
S[Aaµ, ψ¯, ψ, C¯
a, Ca] = S0[A
aµ








d4x{ψ¯0[iγµ(∂µ − ig0Aaµ0 T a)−M0]ψ0
−1
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is the unrenormalized action. Eqs.(3.4), (3.5), (3.38) and (3.39) indicate that the actions, renormalized and unrenor-
malized, have the same structure and thus the same symmetry, just as we met in the massless gauge field theory.
We note here that although the above results are obtained in the one-loop renormalization, they can, actually, be
considered to be the exact ones. In fact, for removing the two-loop divergence in the Γˆ, obviously, the second cycle of
recursion of the renormalization can be carried out in the same way as stated in Eqs.(3.28)-(3.35) starting from the
action shown in Eq.(3.32) and higher order recursions can be continued further along the same line. The results given
in Eqs.(3.32)-(3.35) formally remain unchanged for each cycle of the recursion. Therefore, by the recursive procedure,
all the results denoted in Eqs.(3.34)-(3.39) can be regarded as the ones as shown in Eqs.(3.25)-(3.27).
Now, we are in a position to describe the renormalizability of the theory in the general gauges. We firstly note that
the results in the Landau gauge as given before can directly be extended to the other gauges. To see this point, let
us analyze the W-T identity for the general gauge which was given in Eq. (2.28) in paper II and is rewritten as
Γˆ ∗ Γˆ + ω = 0 (3. 40)





and the symbol ”*” was defined in Eq.(3.2). In the loop expansion, when Eqs.(3.3) and (3.6) are substituted in




Γˆfp ∗ Γˆfq + ωδn0 = 0
Γˆfn−1 ∗ Γˆd1 + Γˆd1 ∗ Γˆfn−1 = 0
· · · · · ·






Γˆdp ∗ Γˆdq = 0 (3. 42)
where the symbol ρ(Sˆ0) was defined in Eq.(3.15) and the fact that the ω is of zeroth order of h¯ has been noticed. This
fact is obvious because we start from renormalized field functions and parameters in the additional renormalization.
The action defined in Eq.(3.10) with the ∆Sˆn−1 being given in Eq.(3.9) is also required to satisfy the W-T identity
Sˆn ∗ Sˆn + ω = 0 (3. 43)
When Eq.(3.6) is inserted into the above equations, it is easy to find an equation which shows that the last term in
Eq.(3.42) equals to zero. Therefore, we still have the equation as shown in Eq.(3.13) and the one written in Eq.(3.14).






− µ2Ca(x) = 0 (3. 44)
which was given in Eq.(2.29) in paper II, obviously, we still have the equation written in Eq.(3.16) for the divergent
part Γˆdn. Therefore, the counterterm, as the solution to Eqs.(3.14) and (3.16), is still expressed by Eqs.(3.17), (3.19)
and (3.28)-(3.31) with a note that except for the gluon mass counterterm written in Eq.(3.31) which is still given
for the transverse field, the vector potential in the other counterterms now becomes full one. It is clear that the
statements in Eqs.(3.20)-(3.27) completely hold for the general gauges. The results described in Eqs.(3.32)-(3.39),
as easily seen, except for a few supplements for the gluon and ghost particle mass terms, are also preserved in the
present case. The gluon mass term in Eq.(3.5) is now written for the full vector potential, or say, a longitudinal field
mass term is supplemented to Eq.(3.5). When the countertems in Eq.(3.17) with their explicit expressions written in

















This term should replace the corresponding term in Eq.(3.32) to appear in the action. In the above, the factor Y 2A
arises from the variable change generated by the counterterm given in the second term in Eq.(3.17), as shown in
Eqs.(3.21) and (3.22) and the factor Ym comes from the counterterm for the transverse field mass term as denoted in
Eq.(3.31). When we notice the last equality in Eq.(3.34) and define
Z ′3 = Y
−1
m (3. 46)



















where the orthonormality between the transverse and longitudinal variables has been considered. With the above
expression, the gluon mass term in Eq.(3.35) can be understood for the full vector potential in the general gauge.
Eq.(3.48) shows that the renormalization of the longitudinal part of the vector potential is different from that for the
transverse part by an extra renormalization constant
√
Z ′3. This result is consistent with the renormalization of gluon
propagator shown in Eq.(3.27) in paper II where the longitudinal part of the propagator has an extra renormalization
constant Z ′3. According to the definition given in Eq.(3.37), the gluon mass term may come to the form expressed by
the bare quantities as shown in Eq.(3.39).
Let us turn to the renormalization of the ghost particle mass term. From the last equality in Eq.(3.37), we see, the
renormalization of the gluon mass and the gauge parameter renders the ghost particle mass to be a renormalization-
12
invariant quantity, similar to the kinetic operator 2 in the Landau gauge. Therefore, in the general gauge, the ghost
particle kinetic term in Eq.(3.32) may directly be extended to the form
Y −1A YCC¯
a(2 + µ2)Ca (3. 49)
where the factors Y −1A and YC arise respectively from the change of the variables C¯
a and Ca which are caused by the
counterterm contained in the second term in Eq.(3.17), as described in Eqs.(3.21) and (3.22). With the definitions
given in Eqs.(3.34) and (3.37), Eq.(3.49) can be represented as
Z˜3C¯





In the general gauge, the ghost particle kinetic terms in Eqs.(3.35) and (3.39) should be replaced by the terms on the
LHS and RHS of Eq.(3.50), respectively.
The derivations and results stated in this section clearly show that the divergences appearing in the perturbative
calculations for the massive gauge field theory can indeed be eliminated by introducing a finite number of countert-
erms as shown in Eqs.(3.17),(3.19) and (3.28)-(3.31). Saying equivalently, these divergences may be absorbed into a
finite number of renormalization constants and thus be removed by redefining the wave functions and the physical
parameters. In view of this. we may say, the renormalizability of the massive non-Abelian gauge field theory without
Higgs mechanism is absolutely no problem.
4. COMMENTS AND CONCLUSIONS
Contrary to the prevailing concept that it is impossible to build a renormalizable and/or unitary massive gauge
field theory without recourse to the Higgs mechanism 1−10, we have succeeded in establishing such a theory that it is
renormalizable and unitary. The basic idea to achieve this success is the consideration that the massive gauge field
is a constrained system in the whole space of the full vector potential. It is a criterion that a quantum theory for
a constrained field system must be renormalizable and unitary if the theory is established on the faithful theoreti-
cal principle and the unphysical variables contained in the theory have been completely eliminated by appropriate
constraint conditions. For the massive gauge fields discussed in this paper, the quantum theory was set up from
beginning to end on the basis of gauge-invariance principle and the unphysical degrees of freedom appearing in the
massive Yang-Mills Lagrangian have been quenched by the constraint on the gauge field (the Lorentz condition) and
the constraint on the gauge group (the ghost equation). Such a theory could not be nonrenormalizable and nonuni-
tary. This essential point was not realized clearly and handled correctly in some previous studies. In the earlier
works of investigating the massive gauge field theory1−6, authors all started with the massive Yang-Mills Lagrangian
and considered that this Lagrangian forms a complete description of the massive gauge field dynamics. When using
this Lagrangian to construct the quantum theory, they found that except for the neutral vector meson field in in-
teraction with a conserved current, the theory is nonrenormalizable because of the presence of the mass term. The
typical arguments are the following. In Ref.(3), the authors showed an equivalence theorem by which they gave a
Hamiltonian derived from the Lagrangian by introducing an auxiliary Stueckelberg field. When making an unitary
transformation to the Schrodinger equation, the mass term in the Hamiltonian becomes dependent on the auxiliary
field and contains an infinite number of terms in its expansion of power series which leads to bad unrenormalizability.
In Ref.(4), the equivalence theorem was given in the form of S-matrix. The author also introduced the Stueckelberg
field and used it to make a finite gauge transformation to the fields involved in the theory. As a result. the mass
term in the S-matrix contains an exponential function of the auxiliary field which gives rise to an infinite variety of
distinct primitively divergent graphs that can not be eliminated by the introduced conditions imposed on the gauge
transformation. Later, the authors in Refs.(5) and (6) made the usual finite gauge transformations to the generating
functional of Green’s functions which is built by the Lagrangian mentioned above and obtained the same result that
the gauge boson mass term depends on the parametric function of the gauge group and contains various unrenor-
malizable infinities. Similarly, the theory constructed by introducing the group-valued Stueckelberg field to the mass
term was also shown to be nonrenormalizable due to the nonpolynomiality of the Stueckelberg function7−10.
Let us make comments on the above argument. Firstly, we note that the Lagrangian they started with, as was
pointed out in paper I, can not serve a complete description for the massive gauge field dynamics because it contains
redundant unphysical degrees of freedom arising from the longitudinal part of the vector potential, the residual gauge
degrees of freedom and/or the Stueckelberg field. If the unphysical degrees of freedom are not restricted by appropriate
constraint conditions, the Lagrangian can not be used to construct a correct theory. For example, from the theory




k2 −m2 + iε(gµν − kµkν/m
2) (4. 1)
in which the term proportional to kµkν/m
2 leads to horrible nonrenormalizability. In our theory, the good renormal-
izability originates from the fact that in the effective Lagrangian, the gauge-fixing term and the ghost term coming
from the constraints just play the role of quenching the effect of the unphysical degrees of freedom contained in the
Lagrangian. Another point worthy of note is that in the previous works mentioned above, the finite gauge transfor-
mations were made and used to demonstrate the nonrenormalizability of the theory. However, as was pointed out in
Sect.2 of paper I, in the physical space restricted by the Lorentz condition, the infinitesimal gauge transformation is
only needed to be considered. The present quantum gauge field theories such as the standard model, actually, are
set up on this basis. Otherwise, the theories would be different and troublesome. In view of this, let us comment on
some aspects of the previous works further. In Ref.(5), the author found a relation by which any non-Abelian vector
field may be represented as a gauge transformation of the transverse field and tried to separate the gauge degrees
of freedom from the transverse ones. He eventually failed to do it because the coupling between the both degrees of
freedom does not vanish upon integration. Nevertheless, we note, under the infinitesimal transformation, the coupling
disappears. Especially, the renormalizability conditions introduced in Ref.(4) will be fulfilled for the non-Abelian
gauge field if the infinitesimal gauge transformation is concerned only. As for the problem of nonrenormalizability
argued in Ref.(6), it was pointed out in the last section of paper I that if the operation of quantization is performed
in a correct way, the nonrenormalizable and nonunitary terms can not appear in the effective Lagrangian. For the
unitarity problem, we will give more detailed discussions and comments in the next paper.
The massive gauge field theory presented in paper I and this paper fulfills the original belief16 that such a theory
should naturally go over into the massless theory in the zero-mass limit. At present, the massless QCD has widely
been recognized to be the candidate of the strong interaction theory and has been proved to be compatible with the
present experiments. However, we think, the massive QCD would be more favorable to explain the strong interaction
phenomenon, particularly, at the low energy domain because the massive gluon would make the force range more
shorter than that caused by the massless gluon. Especially, in some phenomenological investigations, such as the
calculation of glueball spectra17 and the studies of hadron-antihadron low energy annihilation phenomena18, the
gluon mass was necessarily introduced by hand so as to get fairly reasonable results. As for the high energy and large
momentum transfer phenomena, as seen from the massive gluon propagator, the gluon mass gives little influence on
the theoretical result so that the massive QCD could not conflict with the well-established results gained from the
massless QCD. The formalism provided in the former papers and this paper suggests that the Higgs mechanism may
be unnecessary in the weak interaction theory. But, this does not mean that the spontaneous symmetry-breaking
mechanism is useless. The first example is the chiral σ-model originally proposed by Gell-Mann and Levy19. Because
it is quite successful in explaining the hadron interaction phenomena, this model still is widely applied in the today’s
nuclear physics. As one knows, even though the σ field phenomenologically is useful. there is no any real σ-meson
discovered in experiments. The σ-field can only be viewed as a phenomenological field6 which incorporates some
nonperturbative effects through the vacuum symmetry-breaking mechanism. The situation presumably is similar
for the present weak interaction model where the Higgs field appearing in the model has the same property as the
σ-field. With the belief that the basic dynamics for a massive gauge field must be formally simple and of an exact
gauge symmetry, we think, it is a meaningful attempt to establish a gauge-symmetric weak interaction theory without
involving the Higgs particle in it. Such a theory, is likely to be constructed starting from a SU(2) gauge-invariant
action written for the chiral fermions and the massive gauge bosons. What is the connection between the theory with
an exact gauge-symmetry and the model with a broken gauge-symmetry? This is an interesting subject worthy of
pursuing in the future.
ACKNOWLEDGMENTS
The author wishes to thank professor Shi-Shu Wu for valuable discussions. Thanks are also owed to professor
Ze-Sen Yang for stimulating discussions. This project was supported in part by National Natural Science Foundation
of China.
APPENDIX A:Another derivation of the W-T identity used in section 2
As shown in Sect.2, the W-T identity written in Eq.(2.12) provides a basis to prove the unitarity of the massive
gauge field theory. This identity, which is equivalent to the one denoted in Eq.(2.1), was derived originally from
the W-T identity given in Eq.(2.15) of paper II. As pointed out in paper II, the correctness of the latter identity
implies that the argument about the BRST-invariance of the source terms introduced into the generating functional
is reasonable. To confirm this point, we start here from the generating functional written in Eq.(2.7) to rederive
the identity in Eq.(2.12). The generating functional in Eq.(2.7) may be more directly derived by the Faddeev-Popov
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method of quantization. In fact, when the source term JaµAaµ is introduced to the transition amplitude shown in
Eq.(3.43) in paper I, we immediately obtain that generating functional.
Let us make the ordinary gauge transformation δAaµ = D
ab
µ θ
b to the generating functional in Eq.(2.7). Considering























According to the well-known procedure11,12, the group parameter θa(x) in Eq.(A.2) may be determined by the
following equation
Mab(x)θb(x) ≡ ∂µx (Dabµ (x)θb(x)) = λa(x) (A. 2)
where λa(x) is an arbitrary function. When setting λa(x) = 0, Eq.(A.3) will be reduced to the constraint condition on
the gauge group as derived in paper I. which is used to determine the θa(x) as a functional of the vector potential Aaµ(x).
However, when the constraint condition is incorporated into the action by the Lagrange undetermined multiplier
method and then generates the gauge-fixing term in the generating functional, the θa(x) should be treated as arbitrary
according to the spirit of Lagrange multiplier method. That is why we may use Eq.(A.3) to determine the functions
θa(x) in terms of the function λa(x) . From Eq.(A.3), we solve
θa(x) =
∫
d4x(M−1)ab(x− y)λb(y) (A. 3)

























From the relation given in Eq.(2.11) with the definition denoted in Eq.(2.4) and the identity f bcdAcµAdµ = 0, it is
easy to see
Abµ(y)Dbcµ (y)(M
−1)ca(y − x) = Abµ(y)∂yµ(M−1)ba(y − x) (A. 5)














−m2∂νyAbν(y)(M−1)ba(y − x) (A. 6)
On inserting Eqs.(A.6) and (A.7) into Eq.(A.5), we obtain an identity which is exactly identical to that given in
Eq.(2.12) although the derivation described above is different from that given in paper II. In the above derivation, we
started from the generating functional without containing the ghost field functions and the BRST-sources, therefore,
the derivation does not concern the nilpotency of the composite field functions appearing in the BRST-source terms.
This derivation and the result strongly indicate that the W-T identity derived in Sect.2 of paper II is correct and
hence the procedure of introducing the BRST-invariant source terms into the generating functional is completely
reasonable.
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